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ABSTRACT

In this paper, we demonstrate the use of support vector
(SV) techniques, for the binary classification of non-
stationary sinusoidal signals with quadratic phase. We
briefly describe the theory underpinning SV classifica-
tion, and introduce the Cohen’s group time-frequency

representation, whichis used to processthe non-stationary

signals so as to define the classifier input space. We
show that the SV classifier outperformsalternative clas-
sification methods on this processed data.

1. INTRODUCTION

The classification of nonstationary signals is a diffi-
cult and much studied problem. On one hand, the
nonstationarity precludes classification in the time or
frequency domain; on the other hand, nonparametric
representations such as time-frequency or time-scale
representations, while suited to nonstationary signals,
have high dimension. Time-Frequency Representa
tions (TFRs) and distance measures adapted to their
comparison have previously been used to classify non-
stationary signals[1, 2, 6], however the decision rules
chosen in these studies limit the performance of these
classification agorithms.

Support vector machines (SVMs) [10] provide ef-
ficient and powerful classification agorithms, which
are capable of dealing with high dimensional input
features, and with theoretical bounds on the generali-
sation error and sparseness of the solution provided by
statistical learning theory [12, 10]. Classifiers based
on SVMs have few free parameters requiring tuning,
are simple to implement, and are trained through op-
timisation of a convex, quadratic cost function, which
ensures the uniqueness of the SVM solution. Further-
more, SVM based solutions are sparse in the training
data, and are defined only by the most “informative’
training points.

In this paper, we propose to use a support vec-
tor machine for binary classification of the TFRs of
nonstationary signals. In section 2, we review sup-
port vector classifiers. In section 3, we propose a clas-
sifier implementation based on Cohen’s group TFRS,
and in section 4 we compare the classification results
obtained with the SVM-TFR approach to those found
using other classification methods.

2. SUPPORT VECTOR CLASSIFICATION

We first describe how support vector machines may be
used in binary classification, using the v-SVR proce-
dure. Theresultsin thissection are derivedin Scholkopf
et al. [9], and are also described in detail in Scholkopf
and Smola[10].

Assume asample of IV labelled training points,

zé ((Xl,yl)v"' 7(XN7yN)) € (X Xy)N,

in which x; € X, where X' is the input space, and
y; € Y, where ) isthe label space. For our purposes,
we define Y £ {—1,1}, which corresponds to a two
class classification problem. We seek to determine a
function

v X =Y
x > (x),

that best predicts the label y for a point x. Assum-
ing that random variable pairs (x, y) are generatedi.i.d
according to a distribution P, the optimal predicted
classlabel for aninput x is

P(x) = arg;naXPy(y|x = x).

Since we do not know the mapping v (-), we define a
learning algorithm A,

A: G(X,y)N—)’H

N=1
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withinaclass H C Y%, which we call the hypothesis
space, that is flexible enough to model awide range of
decision boundaries. We next define a feature space
F, endowed with an inner product* (-, -) =, and amap-
ping from X to F,

d:. XS F
x = P(x).
Let usrestrict H to functions of the form
H:={z — sign((®(x),w) +b) |we F,be R}.

We can then define afunction £, (x) in R, such that
Y= (1) = A(z) = sign(f=(-)); thus

f=(x) = (®(x), W) +D, @

and the problem of finding anonlinear decision bound-
ary in X has been transformed into a problem of find-
ing the optimal hyperplane in F separating the two
classes, wherethis hyperplaneis parametrised by (w, b).

Themapping ®(-) need never be computed explic-
itly; instead, we use the fact that if F is the reproduc-
ing kernel Hilbert space induced by k(-, -), then

(®(x:), B(x5)) F = k(xi,%;).

The latter requirement is met for kernels fulfilling the
Mercer conditions[10]. These conditions are satisfied
for awide range of kernels, including Gaussian radial
basis functions,

— i — ;113
k(x;,x;) = exp (TM . 2
Anestimate f (-) associated withthelossc (x, y, f= (*))
is attained by minimising therisk R (g (+)), i.e.

f=() = agmin [R (g (1)) 2 Bxy [e (x,y,92 ()] -
9=()€F 3

Possible loss functionsinclude the soft margin loss [3,
5],
0 ifyg=(x) > p,
c(x,y,92(x)) = ( )z p
p—yg=(x) otherwise,
4

and the logistic regression loss [§],

c(x,y,92(x)) = log (1 + exp(~y gz(x))), (5)

among others. The present study is confined to the
case of soft margin loss, which has been used success-
fully with support vector methods in awide variety of
classification problems[10].

In practice, equation (3) cannot readily be solved,
as we do not usually know the distribution P ,. Min-
imising the empirical risk alone does not take into ac-
count other factors, such as the complexity of the clas-
sifying function, and can therefore result in overfitting
[10, 12].

1We omit the inner product subscript in the subsequent discus-
sion, unless the inner product is taken in a space other than .

We now describe the optimisation problem to be
undertaken in finding f.(x). All support vector clas-
sification methods involve the minimisation of aregu-
larised risk functional, which represents a tradeoff be-
tween classifier complexity and training error (the lat-
ter is determined by the cost functiona). In the case of
the »-SVR method, the regularised risk Ryey(f=(-), 2)
at the optimum is given by

e 520,50 -

|1 .
i | SIWIP = v+ Re(£-00,2)] . ©)
where we use the soft margin loss from equation (4) in
the empirical risk;

2=

N
Rep(f=(1), 2) = ZC(Xi,yi,fz(-))
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inwhich

& =max{0, p—y f=(x)}.

All training points (x;, y;) forwhichy; f.(x;) < pare
known as support vectors; it is only these points that
determine f. (-). Therdle of theterm v in equation (6)
is described in the following theorem, from Scholkopf
etal. [9].

Theorem 1 The following results hold only for solu-
tions to the optimisation problem in equation (6) for
which p > 0.

1. v isan upper bound on the fraction of training
points for which y; f.(x;) < p, which we call
margin errors.

2. v is a lower bound on the fraction of training
pointsfor whichy; f.(x;) < p (thesupport vec-
tors).

3. Assume a data set z generated iid according to
P.y, andthat neither P, (x|y = 1) nor P« (x|y =
—1) contains any discrete component. Then,
given a kernel k(-,-) that is analytic and non-
constant, with probability 1, asymptotically, v is
equal to the fraction of support vectors and the
fraction of margin errors.

It can be shown [9] that the component w in equa
tion (1) isalinear combination of the mapped training
points,

W = i iy ®(x;).
i=1

and that solving equation (6) is equivalent to finding

1 m
mo?x (—5 Z aiajyiyjk(xi,xj))

ij=1



subject to

1
OSOéiS—,
m

m
> yiai =0,
i=1
m
Zai > .
i=1

There exist a number of methods that can be used
to solve this quadratic programming problem. Our re-
sults were obtained using the Loqo agorithm in Van-
derbei [11]. Inthe case of large training sets, data de-
composition methods exist to speed convergence; see
e.g. Chang et al. [4]. The offset b and soft margin loss
parameter p are found using

yi ((w,®(x;))y +b) =p wheng; € (0, %) ;

the set of equations thus obtained can be solved via
linear least squares.

3. KERNEL DESIGN

Thev-SVM classification procedurerelies on the choice
of a kernel k(-,-) suited to the problem at hand. In
Davy et al. [6], anonstationary signal classification al-
gorithmwasintroduced, based on Cohen’sgroup time-
frequency representations. In this paper, we choose a
v-SVM kernel k(-, -) based on a similar approach.

We write the Cohen’s group time-frequency repre-
sentation of s(t) asC?(t, f) (parametrised by its TFR
kernel? ¢). Giventwo signals s(t) and s’ (t), the Gaus-
sian radial basis function kernel of equation (2) then
becomes

k(x,x') =
exp—Z}? { / / ‘NCf(t, f) = NCo (¢, f)rdtdf}(?,)

where the notation NC2 (¢, f) is used to show that the
TFR isnormalised;

lc2(t, 1)

NC2(t, f) = :
-0 ce(t, f)‘dtdf

©)

I

In this formulation, the input space X’ defined in pre-
vious section is the space of normalised TFRs (i.e.,
x = NC2(t, f)), which depends on the choice of the
TFR kernel ¢.

4. RESULTS

We now apply the v-SVR agorithm to the binary clas-
sification of chirp signals, and compare our results to

2In order to avoid confusion between the v-SVM kernel and the
TFR kernel, the latter will be referred to as the TFR kernel at al
times.
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Fig. 1. Support of the noise-free TFRs (the gray ar-
eas represent the possible instantaneous frequencies
for each class)

those obtained previously by Davy et al. [6, 7]. The

test signals are defined as the sum of two linear chirps:
z(k) Asin 27 (ao + a1 k)]

Bssin [27T(b0 + blk + bzk‘z)] (9)

ek), k=0,...,K -1,

+ + 1l

where the ¢(k) are iid, and are generated by a zero
mean Gaussian process with variance o2. Each test
signal x(k) is parametrized by 6 = (A, B,a,b,0?),
with a = (ag,a1) and b = (b, b1, b2). The problem
consists of classifying a given signal z(k) into one of
the two following classes:

e Classw : p(by) ~ L{(2(—13E‘{), 2(‘13-3(1))), where

U(a,b) isthe uniform distribution on (a, b),

L4 ClaSwZ : p(bZ) ~ u(z(_[(()i?) ’ 2(_[(32?))

The remaining signal parameters are identical in both
classes, i.ee. A = B =1, ag,by ~ U(0,1), a1 =
0.25 and b; = 0.40. The support of the noise-free
time-frequency representation for signalsin each class
isplottedin figure 1.

Thev-SVM agorithm wastrained using 100 points,
with an equal number of examplesin each class. We
specified a kernel width of 2 = 0.1 (see equation
(7)), and set v = 0.8. A radially symmetric Gaussian
TFR kernel ¢ was selected, with parameters optimised
to minimise the error rate observed on the test data.

To measure the performance of the algorithm, a
total of 20000 randomly generated test signals were
used, again divided equally between the two classes
(note that the training signals did not form part of the
test set). Table 1 shows the average error over these
test signals, compared with the average obtained over
the same number of test signals for alternative clas-
sification methods. We see that for this problem, the
v-SVM algorithm achievesthe lowest error rate.

5. CONCLUSION

In this study, we show that the good performance of
SV classifiers in high dimensions alows us to effec-
tively classify chirp signals, when these are transformed




Classification method Error rate
Wigner distribution [1] 22.30%
Ambiguity plane[2] 4.56 %
Time-Freguency [6] 2.25%
MCMC classification [7] 9.96 %
SVM classification [this paper] 151%

Table 1. Error rates for the classification of chirps us-
ing the proposed SVM implementation and other clas-

sifiers.

using Cohen’s group time-frequency kernels. Addi-
tional advantages of the SV classification method in-
cludesimplicity of implementation, relatively low com-
putational cost, and uniqueness of the SVM solution.

[1] S. Abeysekeraand B. Boashash. Methods of sig-
nal classification using the images produced by
the wigner distribution. Pattern Recognition Let-

(2]

(3]

[4]

(3]

6]

8]

[9]

6. REFERENCES

ters, 12:717 — 729, November 1991.

L. Atlas, J. Droppo, and J. McLaughlin. Op-
timizing time-frequency distributions for auto-
matic classification. In SPIE - The International

Society for Optical Engineering, 1997.

K Bennett and O. Mangasarian. Robust linear
programming discrimination of two linearly in-
seperable sets.  Optimisation methods and soft-

ware, 1:23-34, 1993.

C.-C. Chang, C.-W. Hsu, and C.-J. Lin. Theanal-
ysis of decomposition methods for support vec-
tor machines. |EEE Transactions on Neural Net-

works, 11(4):1003-1008, 2000.

C. Cortes and V. Vapnik. Support vector net-
works. Machine Learning, pages 273-297, 1995.

M. Davy, C. Doncarli, and G. Faye Boudreaux-
Bartels. Improved optimization of time-
frequency based signal classifiers. IEEE Sgnal
processing letters, 8(2):52-57, February 2001.

M. Davy, C. Doncarli, and J.Y. Tourneret. Su-
pervised bayesian |learning using memc methods.
application to the classification of chirps. Tech-
nica Report CUED/F-INFENG/TR.401, Engi-
neering Department, University of Cambridge,

UK, 2001.

P. Huber. Robust statistics. John Wiley and Sons,

New York, 1981.

B. Scholkopf, A. Smola, R. C. Williamson, and
P. L. Bartlett. New support vector algorithms.

Neural Computation, 12:1207—1245, 2000.

[10] A. Smolaand B. Scholkopf. Learning with Ker-
nels. MIT press, To appear.

[11] R. J. Vanderbei. Logo: An interior point code
for quadratic programming. Technical Report
TR SOR-94-15, Department of Civil Engineer-
ing and Operations Research, Princeton Univer-
sity, 1995.

[12] V. Vapnik. The Nature of Statistical Learning
Theory. Springer, N.Y., 1995.



