
Plan of the class

�� Learning and generalization error�

�� the approximation problem and rates of

convergence�

�� complexity of spaces of functions� n�widths�

metric entropy�

�� rates of convergence �independent of di�

mension	�



Learning from examples

Let X and Y be two sets of random� non in�

dependent variables� related by a probabilistic

relationship


P �x� y� 
 P�x�P�yjx�

Let D 
 f�xi� yi� � X � Y gli�� a set of exam�

ples drawn from P�x� y��

Learning means being able to infer the rela�

tionship between X and Y from the set D�



The conditional probability P�yjx� describes

a probabilistic relationship between the input

variable x and the output variable y
 the same

input x can generate di�erent outputs y�

Examples of P �yjx�


� P�yjx� � e���y�h�x���
 sampling a func�

tion in presence of noise�

� P�yjx� 
 ��y � h�x��
 sampling a function

in absence of noise�



P�x� y� unknown

� sampling

D 
 f�xi� yi�g
l
i�� data set

� learning

�x� f�x�� x �� D

The function f is the result of learn�

ing� and it is called an estimate



For every x and y drawn from P�x� y�� we can

measure the error of an estimate f �the risk

associated to such an estimate� as

�y � f�x���

The average error is

I�f � 

Z
X�Y

�y � f�x���P�x� y�dxdy

I�f � is the so called expected risk� that we can

also write as

I�f � 
 E��y � f�x����

where E��� stands for the mathematical expec�

tation�



In this framework learning means being able

to �nd an estimate f� that minimizes the ex�

pected risk


f��x� 
 argmin
f�F

I�f �

where F is some set of functions� sometimes

called the hypothesis space�



Notice that

I�f � 

R
X�f��x�� f�x���P�x�dx �

�
R
X�Y �y � f��x��

�P�x� y�dxdy

where

f��x� 

Z
Y
yP�yjx�dy

is the conditional mean of the output vari�

ables� the so called regression function�



Notations

E��� stands for the average over x and y�

E��f��x�� f�x���� 


Z
X
�f��x�� f�x���P�x�dx

E��f��x��y�
�� 
 �� 


Z
X�Y

�y�f��x��
�P�x� y�dxdy

I�f � 
 E��f��x�� f�x���� � ��



Therefore

I�f � � I�f��x�� 

Z
X�Y

�y�f��x��
�P �x� y�dxdy 	 ��

�� is an intrinsic limitation� that measures the

spread of the conditional probability P�yjx��

The best possible estimator is the regres�

sion function f��x�� that we assume to be�

long to some given class of functions A�



From now on the class F will be a class of

functions Hn parametrized by a number of pa�

rameters proportional to n� Examples


� Hn � class of one dimensional polynomials of de�
gree n�

�

Hn � ff jf�x� �
nX

i��

ciG�kx� tik� � ci � R � ti � Rdg

�

Hn � ff jf�x� �
nX

i��

ci��x�wi��i� � ci � R� �i � R� wi � Rdg



P�x� y� is unknown 
 we cannot minimize

I�f ��

However we can approximate I�f � by the em�

pirical risk

Iemp�f � 

�

l

lX
i��

�yi � f�xi��
�

and �nd an approximate solution


�fn�l�x� 
 arg min
f�Hn

Iemp�f � �

This is the so called empirical risk minimiza�

tion technique�



� The best we can possibly do
 to �nd f��x�

� what we would be happy to do
 to �nd

fn�x�

� what we end up doing
 to �nd �fn�l

VERY IMPORTANT� to estimate

E��f��x�� �fn�l�x��
��

and to prove in what sense

lim
n�l��

�fn�l�x� 
 f��x�



Bounding the generalization error

E��f��x�� �fn�l�x��
�� 



 E��f��x�� �fn�l�x��
��� E��f��x�� fn�x���� �

� E��f��x�� fn�x����

and since

I�f � 
 E��f��x�� f�x���� � ��

then

E��f��x�� �fn�l�x��
�� 
 �I� �fn�l�� I�fn�� �

�E��f��x�� fn�x��
��



Approximation error

From approximation theory we have bounds

of the type


E��f��x�� fn�x��
�� � ��n�

where ��n� depends on


� the space A to which the regression func�

tion f��x� belongs�

� the set Hn

Usually
S�
n��Hn is dense in A� and therefore

lim
n�� ��n� 
 �



Bounding the generalization error

We have seen that

E��f��x�� �fn�l�x��
�� 
 �I� �fn�l�� I�fn�� �

�E��f��x�� fn�x����

THEREFORE

E��f��x�� �fn�l�x��
�� � �I� �fn�l�� I�fn�� �

� ��n�



Estimation error

We do not minimize I� but Iemp� and �nd �fn�l

rather than fn�

If we want �fn�l to converge to fn we must

impose uniform convergence in probability


lim
l��

Pf sup
f�Hn

jI�f � � Iemp�f �j � �g
 � �� � �

The theory of uniform convergence in prob�

ability �Vapnik� Dudley� Pollard� ���� provides

bounds of the form


jI�f � � Iemp�f �j � ��n� l� �� �f � Hn



� �fn�l 
 argminf�Hn
Iemp�f �

� I� �fn�l� 
 how well we do with n parameters

and l data

� I�fn� 
 how well we can do with n param�

eters

� jI�f � � I�femp�j � ��n� l� �� �f � Hn

� I�fn� � I� �fn�l�

� Iemp� �fn�l� � Iemp�fn�



A useful inequality

I[ f  ]n
I[ f     ]n,l

^

2e 2e

Iemp [ f    ] Iemp [ f      ]n,l
^

n

If� with probability �� �

jI�f � � Iemp�f �j � ��n� l� �� �f � Hn

then

jI� �fn�l�� I�fn�j � ���n� l� ��



A general statement

With probability �� �


E��f��x�� �fn�l�x��
�� � ���n� l� �� � ��n�

Generalization � estimation �

approximation



� Approximation error� it depends criti�

cally on the space of function A that is

approximated� and less critically on the

approximating class Hn�

� estimation error� it does not depend

critically on the space of function A that

is approximated� but it does depend crit�

ically on the approximating class Hn



f

a

X

A

The fundamental objects are

X � k � k � A

Usually we have

A
 fAng
�
n��

where

A� 
 A� 
 � � � An 
 � � �

A is the approximation scheme



Examples of the space X

�functions to be approximated�

� X 
 continuous function with s continu�

ous derivatives in d variables�

� X 
 square integrable functions in d vari�

ables with s square integrable derivates�

� X 
 integrable functions in d variables

with s integrable derivates�

� X 
 band�limited functions�

� X 
 functions with integrable Fourier trans�

form�



Examples of the space An

�approximating functions�

� An 
 polynomials of degree n in one vari�

able�

� An 
 truncated Fourier series with n terms�

� An 
 Radial Basis Functions with n basis

functions�

� An 
 Multilayer Perceptron with n hidden

units�



X

f

A k

Degree of approximation

dX�f�Ak� � inf
a�Ak

kf � ak

dX�f� Ak� is the smallest error that we can do

if we approximate f � X with an element of

Ak�



Degree of approximation

Typically

lim
n��

dX�f� An� � �

It means that we can approximate func�

tions of X arbitrarily well with elements

of fAng�n
�

For example
 X 
 continuous functions on

compact sets� and An 
 polynomials of de�

gree at most n�



The interesting question is�

How fast does dX�f� An� go to zero�

The rate of convergence to zero is a

measure of the relative complexity of

X with respect to the approximation

scheme A�



The rate of convergence depends on

X� k � k� f � and A

and usually has the form

dX�f� An� � CX�f�

�
�

n

�r�X�A�

�
r�X�A�

is a measure of the complexity

of X with respect to A�



The curse of dimensionality

Usually

r�X�A� 

c�X�A�

d

where d is the dimension� Therefore� if � is

the desired error


n �

�
�

�

� d
c�X�A�



Example

Consider the class of functions

�ds�� 	 �ds���M�� � � � �Ms���

de�ned on Rd such that

�� Derivatives up to order s exist and are con�

tinuous�

�� kDjfkL� �Mj j 
 ���� � � � � s �

�� Derivatives of order s belong to LipMs��
� �Rd��



Let f � 	ds��� and let Pn the set of

polynomials of degree n� Then there

exists a constant M such that

d�ds��
�f� Pn� �M

�
�

n

�s��
d



It is a general fact that rates of con�

vergence for functions in d dimensions

and with a smoothness of order s have

the form

O

�
B�
�
�

n

�s
d

�
CA

Rates of convergence of this form are called

of Jackson type



N�widths

Let X be a Banach space of functions� � a

subset of X� and Xn a n�dimensional subspace

of X� that is a set of functions of the form

f 

nX

i��

ci	i

De�ne the n�width of � in X as

dn��� � inf
	�����	n

sup
f��

inf
c�����cn

kf�
nX

i
�
ci�ik

It is a measure of how well a linear technique

can approximate a subset � of X�



Example

dn�	
d
s��� �

�
�

n

�s��
d

It means that no linear technique can

approximate a function of 	ds�� at a

better rate�

It also can be generalized to nonlinear techniques���



Generalized Translation Networks

�H� Mhaskar�

Consider networks of the form


f�x� 

nX

k��

ak	�Akx� bk�

where x � Rd� bk � Rm� � � m � d� Ak are

m � d matrices� ak � R and 	 is some given

function�

For m
 � this is a Multilayer Perceptron �

For m 
 d� Ak diagonal and 	 radial this is a

Radial Basis Functions network�



Theorem �Mhaskar� �����

Let W
p
r �R

d� be the space of functions whose

derivatives up to order r are p�integrable in Rd�

Under very general assumptions on 	 one can

prove that there exists d�m matrices fAkg
n
k��

such that� for any f � W
p
r �R

d�� one can �nd

bk and ak such that


kf �
nX

k��

ak	�Akx� bk�kp � cn�
r
dkfk

W
p
r

Moreover� the coe�cients ak are linear func�

tionals of f �

This rate is optimal�



Approximation error

The approximation error depends mainly on

the complexity of class of functions that is

approximated� that is from the properties of

the phenomenon being studied�

How many pages are needed in order to tab�

ulate with an accuracy � a function of d vari�

ables with a degree of smoothness s�

� of pages �
�
�

�

�d
s



Classes of functions in d dimensions

with smoothness of order s have an in�

trinsic complexity characterized by the

ratio s
d
�

� the curse of dimensionality is the d

factor


� the blessing of smoothness is the s

factor


We cannot expect to �nd an approximation

technique that �beats the curse of dimension�

ality	� unless we let the smoothness s change

with the dimension d�



Theorem �Barron� �����

Let f be a function such that its Fourier trans�

form satis�es

Z
Rd

ds kskj�f�s�j 
 �� �

and let � be a bounded domain in Rd� Then

we can �nd a neural network with n coe��

cients� n weights and n biases such that

kf �
nX

i��

ci��x �wi� �i�k
�
L��	�



c

n

The rate of convergence is independent of

the dimension�



The space of functions such that

Z
Rd

ds kskj�f�s�j 
 �� �

is the space of functions that can be written

as

f 

�

kxkd��
� �

where � is any function whose Fourier Trans�

form is integrable�

Notice how the space becomesmore constrained

as the dimension increases�



G

H

co G

Let H be an Hilbert space and G 
 H such

that kgk � b �g � G� Let f � coG�

Then �c � b� � kfk� we can �nd n numbers

�k � �� such that
Pn
i�� �k 
 �� and n ele�

ments gk � G such that

kf �
nX

���

�kgkk
� �

c

n

�Maurey
 ����� Jones
 ����� Barron
 �����



The sequence ffng�n�� has the following struc�

ture


fn�� 
 �nfn� ��� �n�gn

where �n � I 	 ����� and gn �approximately

solve	 the following minimization problem


inf
�n�I�gn�G

kf � �nfn � ��� �n�gnk

�approximately solve	 means that it is su��

cient at each step to reach a distance from

the in�mum of order O� �
n�
��



Example

G 
 fc��x �w� �� j jcj � b� � � R�w � Rdg

The target function f should belong to Bar�

ron�s space �that is coG�� Then� starting with

f� 
 �� we have

f� 
 ��� ���c���x �w�� ���

and we have to solve

min
���jcj�b����w�

kf � ��� ���c���x �w�� ���k



Next step

We de�ne

f� 
 ��f�� ��� ���c���x �w�� ���

and we have to solve

min
���jcj�b����w�

kf���f��������c���x�w�����k

and so on ���



Jones� lemma� �my� instructions

for use

�Whenever	 we have a function that admits

an integral representation as

f�x� 

Z
Rn

d
�t� G�x� t�

where 
�t� is a signed measure and G�x� t� is

some parametric function� then it can approx�

imated as

f��x� 

nX

���

c�G�x� t��

and the approximation error is bounded by

O� �p
n
��



Theorem �Girosi and Anzellotti� �����

Let f � Hm���Rd�� where Hm���Rd� is the

space of functions whose partial derivatives

up to order m are integrable� and let Gm�x�

be the Bessel�Macdonald kernel� that is the

Fourier transform of

�Gm�s� 

�

��� ksk��
m
�

m � � �

If m� d and m is even� we can �nd a Radial

Basis Functions network with n coe�cients c�

and n centers t� such that

kf �
nX

���

c�Gm�x� t��k
�
L�



c

n



Theorem �Girosi� �����

Let f � Hm���Rd�� where Hm���Rd� is the

space of functions whose partial derivatives

up to order m are integrable� If m� d and m

is even� we can �nd a Gaussian basis function

network with n coe�cients c�� n centers t�

and n variances �� such that

kf �
nX

���

c�e
��x�t���

���� k�L� 

c

n



Same rate of convergence
 O� �p
n
�

Function space Norm Approximation scheme

R
Rd

ds j�f�s�j � �� L���� f�x� �
Pn

i�� ci sin�x �wi� �i�

�Jones�

R
Rd

ds kskj �f�s�j � �� L���� f�x� �
Pn

i�� ci��x �wi� �i�

�Barron�

R
Rd

ds ksk�j�f�s�j � �� L���� f�x� �
Pn

i�� cijx �wi� �ij��

�Breiman� �a � x� b

�f�s� � Ck
�
� �k � d L��Rd� f�x� �

Pn
��� c�e

�kx�t�k�

�Girosi and Anzellotti�

H�m���Rd�� �m � d L��Rd� f�x� �
Pn

��� c�e
�
kx�t�k�

���

�Girosi�


