Soft Comput (2005) 9: 732-741
DOI 10.1007/s00500-004-406-3

FOCUS

Wang Shitong - Zhu Jiagang - F. L. Chung
Lin Qing - Hu Dewen

Theoretically Optimal Parameter Choices for Support Vector Regression

Machines with Noisy Input

Published online: 13 August 2004
© Springer-Verlag 2004

Abstract With the evidence framework, the regularized
linear regression model can be explained as the corre-
sponding MAP problem in this paper, and the general
dependency relationships that the optimal parameters in
this model with noisy input should follow is then derived.
The support vector regression machines Huber-SVR and
Norm-r r-SVR are two typical examples of this model and
their optimal parameter choices are paid particular
attention. It turns out that with the existence of the typical
Gaussian noisy input, the parameter ¢ in Huber-SVR has
the linear dependency with the input noise, and the
parameter rin the r-SVR has the inversely proportional to
the input noise. The theoretical results here will be helpful
for us to apply kernel-based regression techniques effec-
tively in practical applications.

Keywords Regularized linear regression - Support
vectors - Huber loss functions - Norm-r loss functions

1 Introduction

Due to the fact that their generalization capabilities do
not depend on the dimensionality of the problems,
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support vector regression machines have been obtain-
ing various applications. In general, we can generalize
these regression machines into the regularized linear
regression model [15] in this paper. In various versions
of support vector regression machines, three types of
the loss functions, as shown in Fig. 1, are often used.
They are the e¢-insensitivity loss function, the norm-r
(e.g, square) loss function and the Huber loss function.
In fact, the norm-1 loss function is the Laplace one,
and the norm-2 loss function is the often-used measure
MSE. When the training data contain noise, if its dis-
tribution is unknown, the Huber loss function and its
corresponding support vector regression machine
Huber-SVR are a good choice. Otherwise, the ¢-insen-
sitivity loss function (corresponding to &-SVR) and the
norm-r loss function (corresponding to r-SVR) are
extensively suggested due to its simplicity and human
being’s habit (we often use MSE in various learning
schemes). Nowadays, ¢-SVR has been studied well [1-
8]. J.B.Gao and S.R.Gunn gave its error bar estimate
in [7], V. Cherkassky and Y. Ma discussed the practical
selection of parameters in ¢-SVR, and A.J. Sloma and
J.Kwok et al derived the linear dependency between ¢
and the input noise in ¢&SVR. Moreover, &-SVR is
special in that its loss function gives identical zero
penalty to small noise values [14]. Because of this,
training samples with small noise that fall in this flat
zero region are not involved in the representation of
regression functions. This simplification of computa-
tional burden is usually referred to as the sparseness
property. Another two loss functions mentioned above
do not enjoy this property since they contribute a
positive penalty to all noise values other than zero.
However, on the other hand, Huber loss functions and
Norm-r loss functions are attractive because they are
differentiable. This property leads to the extensive
applicability of Huber-SVR and r-SVR. Because of this
applicability of Huber-SVR and r-SVR, we concentrate
study on them in this paper.

Noise often occurs in real input data. With the exis-
tence of noisy input, one interesting and challenging
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Fig. 1 3 loss functions (a)
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(b) (c)

& -insensitive loss function

issue is how to determine the free parameters r and u
respectively in r-SVR and Huber-SVR. A bad choice for
r and p will heavily deteriorate the performances of
r-SVR and Huber-SVR. Therefore, in this paper, we will
pay attention on the theoretically optimal choices of
parameters in Huber-SVR and r-SVR in particular. In
sect. 2, we will introduce the regularized linear regression
model and show the equivalent relationship between this
model and MAP. The general dependency relationships
that the optimal parameters in this model with noisy
input should follow are also given in this section.
Accordingly, in the case of the noisy input, the optimal
choices of parameter y in Huber-SVR and parameter r
in r-SVR are respectively studied in sect. 3 and sect. 4.
Sect. 5 concludes this paper.

2 Regularized linear regression model and MAP

2.1 Regularized linear regression model
with convex risks

Assume we have a dataset with n-dimensional input
vector x and one-dimensional output variable y:

D= {(X|7yl)7"'7(xlvyl)}7 X eRna Vi €R7

i=1,2,...,1 (1)

we are interested in obtaining a weight vector w in the
generalized linear regression model such that

y={(oW'x)) or yi=o(W'x)+n; (2)
for all the data in the dataset D, where ¢ is called a
link function and all the data x; follow distribution p(-)
and all #; are i.i.d noise following some distribution
1n(-). Thus, the corresponding density function on y
can be denoted as p(y|x) =5y — w'x;. The degree of
such an approximation can be measured by a loss
function L(¢(w'x, y). A practical method to compute
the weight vector w from the data is to find the
minimum of the empirical expectation of the loss
function:

(3)

!
W= argminw7 E W X;),

square loss function Huber loss function

where L(¢p(w'x;),y;) is a convex function. More gener-
ally, we can extend (3) into a regularized version of the
generalized linear regression model with convex risks:

[

LS L), ) + ()

W = argmin,, 7
i=1

(4)
where g is a convex function of w and 4 > 0 is a regu-
larization parameter.

Let us discuss the regularized linear regression model
in (4). If we take g(w) = w?/2, and L(¢(w'x),y) as the
e-insensitive loss function in (4), then, we have the sup-
port vector regression machine ¢-SVR. If we take
g(w) =w*/2, and L(¢(W'x),y) as the Huber loss func-
tion in (4), i.e,

o0~ (4

[p(W'x) =y <
1u?, otherwise

()
then we obtain the support vector regression machine
Huber-SVR. If we take g(w) = w?/2, and L(H(w'x),y)
as the loss function L.(¢p(w'x),y)=|p(w'x)—y|
(r > 0) in (4), then we have the norm-r support vector
regression machine r-SVR. In most cases, r =2 in
r-SVR.

In general, except for g(w) = w?/2, other types of
regularization g(w) are also used in practice to satisfy
different requirements. For example, in order to obtain a
sparse weight vector w, we may take the 1-norm regu-
larization g(w) = ||w||,. More generally, we may take the
general g-norm  regularization g(w) = [[w||,- Another
example is the maximum entropy framework for density
estimation. In order to obtain a weight vector w which is
consistent with the data for density estimation, we may
take g(w) as the relative entropy [15].

)
v —

2.2 The regression model and MAP

In this subsection, in terms of the evidence framework
[7], we will demonstrate the regularized linear regression
model is equivalent to maximum a posteriori MAP esti-
mation, based on maximum likelihood estimation.
Assume the loss function L(¢(w'x),y) leads to the
following Gaussian probability density function on y:
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1
pWilxi,w, B, 0) = Wexp(—ﬂ(fﬁ(wrxi),yi)) (6)
where C(f,0) = [[,exp(— (w x),y)) dxdy and 0
denotes the free pdrdmeter in the loss function
L(¢p(w'x),y) (Note: when there are several free parame-
ters in the loss function, 0 denotes the corresponding
vector on these parameters. Here we assume only one free
parameter for simplicity). With the Gaussian prior on w

1 o
p(wi2) :M( )exp(—5g<w>) )
where M () = [ exp(—%g(w))dw, and on applying the
Bayes rule
p(w[D, B,0) o p(Dlw, B, 0)p(wla) (8)
we have

!

= —EQ(W) - ﬁ;L((f)(W X;), ) ©)

+ llog C(B, 0) + const

log p(w|D, B, 0)

On setting A = f§/a, optimizing (4) can be interpreted as
finding the MAP estimate of w at given values of f3, 6. That
is to say, the regularized linear regression model in (4) is
equivalent to maximum a posteriori MAP estimation.

2.3 Estimating the optimal f and 6

Generally speaking, it is not easy for us to get the MAP
estimate w by directly solving (9) since it depends on the
particular training set. For ease of the analysis, we

replace ]ZL( (wl'x;),»:) in (9) by its expectation:

= ff e

E(L(p(w )p(yIx)p(x)dxdy

(10)
Thus, (9) becomes
Glw, B,0) = log p(wlD. B, 0) = =3 g(w) - I

x E(L(p(w'x),y)) + llog C(B, 8) + const

In order to maximize (11), its derivatives with respect to
w, B, 0 must be zero. That is to say,

3G(W B, 0) %5

w=iv = —50g(W)/Ow — I
o(ff

(11)

x),»)p(IxX)p(x)dxdy) /ow =0 (12)

T Ow

IG(w, p,0)  r9G(w,p,0)
op :< ow |W:”> a_/;_l
X E(L((Z)(fvrx),y)) + 78C(IE’B )/)8'8

= —1 x E(L($(W'x),p)) + 1% = 0

9C(p,0)/0p

ie E(L(¢p(W'x),y)) = Cc(p,0) 1)
9G(w,4,0) _ 9G(w,f,0),  \rdw
R S r O L
x OE(L(¢(W'x),y))/00+1 (W
:_ﬁzaE(L(¢(VvTX),y))/80+1%20

ie (9E(L(¢(I7VTX),y))/36

~19C(,0)/00
B C(B,0)

When w =W, minimizing (11) actually becomes the
following optimization problem:

argming g PE(L(¢p(W'x),y)) —log C(B, 0) (15)

Thus, (10), (13), (14) and (15) can be used to find out the
optimal f and 0 in the generalized support vector
regression machines. In other words, the optimal  and 6
should theoretically follow the dependency relationships
contained in (10), (13), (14) and (15).

In [3], J. Kwok et al proved that the e-insensitive loss
function is taken, then there is a linear dependency
between the optimal ¢ and the input noise in &-SVR.
However, due to the applicability of Huber-SVR and
r-SVR, it will be beneficial for us if the dependency
relationships between the optimal parameters and the
input noise in Huber-SVR and r-SVR can be derived.
So, in the following sections, we will study on the
optimal choices of parameters in Huber-SVR and r-SVR
with the input noise.

(14)

3 Estimating the optimal u in Huber-SVR
with the Gaussian noisy input

Without loss of generality, we take g(w) = w?/2 and the
Huber loss function, i.e

_ [ x) =), [p(wTx) —y| < u
Lhuter ($07).7) = {itld>(wrx) —3| =1, otherwise

in Huber-SVR, thus, Huber-SVR attempts to minimiz-
ing the following problem

min ®(w,¢) =3 [l 3 (& + &),

i

s.t.
yi—f(x) <up+&,
fx) =y <p+é, i=1n
&, & >0



where ¢ is a predefined constant. According to its
corresponding MAP, we have

c-| [ Lo () | )

o]

7 oo —
1 1
= 2( exp(——ﬁ-tz)dt—i- exp(—ﬁut—i——ﬁuz)dt)]
vl feolommes
15\ 1 1\
<[p(wewn(go )+ e (-30) )|

Applying its Taylor series expansion, we further have
Bu

CB,u) ~

Moreover, we take the link function ¢(-) =- for sim-

plicity. However, the conclusions below still remain true

for other link functions.
Let us consider

E(Lhuber i — wai)) = Linper (v — WTX)p(y|x)p(x)dydx
Il

= / (?ﬁ {u(wa—y)—%uz]p(yIX)dy

D —00
w' X 1 . 5
+ 5 (WX =) p(y/x)dy
WIx—u
Wx4-u
1 T \2
+ 3 0 =w'x)"p(rIx)dy
[ T 15
+ / {u(y—w X) =3 u ]p(yIX)dy>p(X)dX
WIxX+u
(17)
Substituting (15) into (13) and (14), we obtain
1 22
— 1N T —_ —
E(Lhuber(y w X)) ﬁ ﬂuz n 2 (18)
Wwix—p
/ < / (w'x =y — u)p(y[x)dy
D —00
r 19
+ / (y—wx— u)p(yIX)dy>p(X)dX 1)
WIX+p
_ 1 2B
o P +2

White noise often happens in real situations. Quite
often, one utilizes the 1.i.d Gaussian distribution with
zero mean and variance ¢ in most robust analysis. We
take this assumption here. Let
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1 (v —w'x)’
pyx) = g SXP (‘ T) (20)
after substituting (19) into (16), let ¢ = - and
y—wx =i x —wix =d(x) (21)

we can expand E(Lyyper (v — WI'x)) using its Taylor series

expression on Jd(x) at ¢t = \/_L
Please note:
/p(x)dx =1
D

o(x)p(x)dx =0
" ot

5(x)? 3(x)?

exp(— 202 ) ~1- 202

Thus, after a little tedious computation, we obtain

2\/5/10 r
~ 7 /texp(—tz)dt

V2o

E(Lhuber (y - WTX))

2 o0
u

i X
ﬁ/

> .
po Iz

+ expl — =

2V/2n p( 262>

3 2 3
I p u
+ exp| — x| +
24 2no P < 262) 6V 2no
m

eon(-4) avamee(3n)
~——exp| — + exp| —=—=
2n P 202 2V 2no P 202

3
s £)dt

_l’_—_
6\ 2no

% exp(—
&

Now, let us observe —log C(f, 1). In terms of (16), we

have

~log C(, ) = log ( - 2)

—lo(—i—i)
=log(ntg

Since f§ generally takes a comparatively large value, so
ﬁz_ﬂ becomes a comparatively small value. Therefore,

(23)

with its Taylor series expansion, —log C(f, 1) can be
approximated by

—log C(B, p) = ﬁ 3

By substituting (22) and (24) into (15), minimizing (15)
becomes finding out f, u such that

logu+—-— (24)
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BE (Lpuper(y — W'X)) + - + log u (25)

ﬁ B2

achieves its minimum. Since

(26)

(25) > 2\/BE(Lhuber(y — WTX)> ﬂ 5 + lOgH
_ 3ua 12 1w I % el
=2 [\/—Z_Rexp<—ﬁ>+2 5 xexp(—ﬁ>+6 5 —\/—%u/exp(—ﬁ)dt]
+ logu
_5 3v2 iy ! 1 2 1 /u 1 /2 1 /u 2 7 P
=212 () exp(‘i(}) )*E(;)exp(—a(;)> 3@;(5)—751() exXp(—£*)dr
H

+ln(§) +Ino

Obviously, when (£) takes some fixed value, (25) will
achieve its minimum, which indicates that there is a
linear dependency between the parameter u and the
variance o of the Gaussian input noise. Moreover, with
minimizing (25) using mathematical computation with
MATLAB, we can determine the scope of ¢ within
which such a linear dependency keeps as follows:

080, 0<0.5
1.70, 05<0<2
nonlinear dependency,

s
o>2

This computational result also demonstrates that when
the input noise is comparatively small (¢ < 2.0), the
parameter p in the Huber loss function of Huber-SVR
has the distinctive linear dependency with the variance o
of the input noise. When the variance of the input noise
is so large that the training data is heavily distorted,
Huber-SVR can not actually give its meaningful result
for regression problems, that is to say, such a linear
dependency will not be kept.

4 Estimating the optimal rin r-SVR with the Gaussian
noisy input

Now, let us turn into the similar estimate problem for
r-SVR. We will see that the derivation for this estimate
problem is not an easy work. For the same derivation
convenience as in the above section, we take
g(w) = w?/2 and the norm-r loss function, i.e

L(¢(w'x),y) = |p(w'x) —y|" (r>0)

in r-SVR, thus, r-SVR is equivalent to the following
minimization problem:

!
min 5 ||W|\2+czi: (&)

where ¢ is a predefined constant. According to its cor-
responding MAP, we have

-1

cn = | [ —exnlpr o)
= __20/exp ﬁ_t'
- ﬁr:FG)]
Y
S ar(d)

Fig. 2 shows the curve of I'(). When r € [0.5, 10], there
is a roughly linear dependency between F() and r.

10 T T

Fig. 2 Curve of I'(1), where the doted line corresponds to y = r, and
the other line corresponds toy = F(—)
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Generally speaking, » € [0.5, 10] is enough in practical
applications, so, we may take E(‘y—fvT X

F<l> ~r P .
d P*(x)  o*(x) 0°(x)
2
Thus, we have X (exp(t )<1 T2 T8 4802)
1 2 4 6
~ 0 1) 0
C(p.r) ~3b (27) _Hzexp(_tz)( 0(2X) B 2((;;)+ 8((:;))
Substituting (27) into (13) and with the same assumption . .
on the link function as in Huber-SVR, we easily have 4 2 (6 (x) 6°(x)
+ 1t exp(—17) R
AT r 60 120
E(ly —w"x[)

/(/ = "X/ PO dy)dx~1 %) F5pg ! exP f>)dt]d

ﬂ~l" 00
Since fpxdx:l and [ 1" exp(—£*)dt= F( )

OE(|y — w'x| 0
% ~ 3 ﬁlnﬂ (29)  and we assume that 6 approximately follows N (0 )
thus E(8)*= (k — 1)!!¢* [10], that is to say
Assume the input noise and p(y|x) has the same
Gaussian distribution as in (20) and /5(x)2p(x)dx ~ ¢?
y—wix vaTx—wa— o(x)
Wx)?
let ¢ = U= 5,7 > thus, we have /5(X)4p(x)dx ~ 3¢
E(ly—=#'x) b
1 v /5(x)6p(x)dx ~ 15¢°
= /l / (5(x) - \/Eat) exp(—£)dt
o) T % Therefore, we have
7 r ~ r 7 r+ 1
+ / (V201 - 5(x)) exp(—tz)dt]p(x)dx E(ly—w'x[") = 7 (vao) [EF< 3 )
) (30)
» 7 (r+3 3_(r+5 1 _(r+7
r 2 °r
T r () () e ()
~ /— / <5(x) — ﬁat) exp(—£%)dt
T r
D —o0 8E<‘y—wa ) . B
7 r —%L(\/E(f) In <\/§a> lll"<r+1>
+/(\/_at (x)) exp(—1%)dt | p(x)dx Or v 16 2
0

—i—zF r+3 —EF r+5 +1F r+7
Lett=u+ \/(- and after simplifying the above formula 8 2 4 2 6 2

e el )
(= #"x") /\f{/ fﬂ)] +zr<r+3>¢<r+3>_ér(r+5>¢<r+5)

8 2 2 4 2 2
o M)
0 (31)
X 2 wnere
eXp( GJF%) )dt PR Blz(rx) I'(x)¥(x)

Using its Taylor series expression on ¢, we further
obtain and



and y is the Euler constant [10]. In this paper, we take

1000 1 1
Y(x) %Z (m+1_m+

m=0

) — 0.57721567
X

In order to remove f , in terms of (28) and (29), we
obtain

8EXY(|y — wa|r)
or
log(rExy (|y —w'x[")) =0
After substituting (30) and (31) into (32), let the left side
of (32) be f(r,0), we have
f(r,o) =0 (33)

~ B (= wxf) (32)

0.8}
0.6 !

0.4+

\
\
¥
0.2F t \

0.2} *

0.4 I I I I I I I I I
-10 -8 -6 -4 -2 0 2 4 6 8 10

Fig. 4(”l;he real output and the corresponding regression curve of
SImn(x,

y ==, where * denotes the real output and — denotes the output
curve of Huber-SVR

Obviously, it is very difficult to obtain the direct
dependency relationship between r and ¢ by solving the
above (33). However, given a g, we can get the corre-
sponding r by plotting f(r,0) with MATLAB. With
such a little tedious mathematical computation for the
above (33), we can still observe the change trend
between them. Fig. 3 depicts the curve of the compu-
tational result on solving (30). It should be noted that
because we use approximation estimates several times
in the above derivation, the change curve between r
and ¢ in Fig. 3 is not exact. However, fortunately, it
can well indicate a rough change trend between r and
o. That is to say, from Fig. 3, we can see that the
parameter r (i.e, the norm r) is basically inversely pro-
portional to the variance & of the input noise (see the dot
line other than the curve in the figure). Especially, when
noise is very small or (almost) no noise exists in the
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Fig. 6 The real output and the corresponding regression curve of
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Fig. 7 The real output and the corresponding regression curve of
y= S0 with the noisy input, where * and — are the same as above,
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+ denotes the output of y == + k- 57,k = 0.10

training data r should roughly take 2. As it is well
known, SVM and/or SVR are equivalent to MLP to
some extent. While training MLP based on the norm-r
error function, the empirical result in [9] is that r
should be 2 if no noise exists in the training data,
otherwise, it should be less than 2 and go down with
the increase of noise. Therefore, the rationale of the
above analysis for r-SVR here can also be justified
from the alternative angle where it is good in agree-
ment with the empirical result in [9].

5 Experimental studies

In this section, for Huber-SVR, we will arrange an
experiment on a typical example to validate the linear

Fig. 8 The relationship
between u and ¢ when
k=0.01
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dependency relationship between u and 6. For norm-r
r-SVR, when r takes a non-integer value, r-SVR may not
be easily implemented using the classical QP optimiza-
tion method [1]. We can implement norm-r r-SVR for
the case of a non-integer r, using perceptron-like learn-
ing approach. In order to save the paper’s space, we will
introduce this implementation approach and report the
related experimental results in another paper later.
Given a function y =" x € [~10,10], let us gen-
erate its uniform dataset (x;,y;),i=1,...,41, with x
varying from —10 to 10 using the step length 0.5. First,
for the dataset, we can easily construct its regression
curve f = f(x) using Huber-SVR. Next, in order to
investigate the dependency relationship between u and
the noisy input, let y == +k.p, xe[-10, 10],
where £ is a noise-signal ratio and  ~ N(0, ¢) represents
the Gaussian noise. Similarly, we can generate its cor-
responding sampling dataset (x;,)!),i=1,...,41, and
obtain its Huber-SVR regression curve ' = f(x). In
order to make the experimental results fair, we take o
from [0.1, 2.0] with the step length 0.1, and use the
Gaussian noise distribution to generate 20 groups of the
corresponding sampling datasets for each given ¢. For
each given o, we take u as thglaverage result of all 20 u

values which can minimize Z‘ f— fi‘ respectively for
i=1

each group of the sampling datasets. '

Fig. 4.demonstrates the real output of y = ) and
its regression curve using Huber-SVR. Fig. 5-7 dem-
onstrate the corresponding regression results using
Huber-SVR with different noisy inputs. Fig. 8-10 depict
the dependency relationships between u and ¢ for all 20
o values with different k (see + in the figures), where we
use the curves to roughly indicate the change tendencies
between p and ¢ , respectively. We can easily see from
these figures that when noise is small, i.e, k¥ and o is
comparatively small, there is an obvious linear depen-
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Fig. 9 The relationship 0.18

between u and ¢ when

k=0.05
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Fig. 10 The relationship
between u and ¢ when
k=0.10
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dency relationship between y and ¢ . However, when k
and/or ¢ are comparatively large, i.e, the datasets are
seriously distorted, the linear relationship between y and
o does not exist anymore (see Fig. 9 and Fig. 10). In
other words, Huber-SVR may become ineffective for
seriously distorted datasets. In summary, the experi-
mental results here validate the above obtained conclu-
sion on Huber-SVR.

6 Conclusions and future work

In this paper, based on the evidence framework, we
study the general dependency relationship between the
parameters in the regularized linear regression model

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

and the input noise, indicating that the optimal choices
of these parameters are actually dependent on the vari-
ance of the input noise. Except for e-SVM, Huber-SVR
and norm-r r-SVR are another two typical examples of
the regularized linear regression model. In this paper, we
derive the linear dependency between the optimal p in
Huber-SVR and the Gaussian input noise, and the
almost inversely linear dependency between the optimal
norm r in r-SVR and the Gaussian input noise. The
theoretical results here are very useful for practical
applications of the corresponding support vector
regression techniques.

Although Gaussian noise is typically adopted in most
robust analysis, there remain other symmetric types of
noise such as student-t-distribution noise and uniformly



noise in real datasets. In some particular situations, real
datasets contain non-symmetric noise such as Dirichlet-
distribution noise. The hard work on how to choose the
optimal parameters in e-SVR, Huber-SVR and r-SVR
with such noisy input is worthy to be done in near
future.
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