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Abstract In [1], with the evidence framework, the almost
inversely linear dependency between the optimal parame-
ter r in norm-r support vector regression machine r-SVR
and the Gaussian input noise is theoretically derived. When
r takes a non-integer value, -SVR cannot be easily real-
ized using the classical QP optimization method. This corre-
spondence attempts to achieve two goals: (1) The Newton-
decent-method based implementation procedure of r-SVR
is presented here; (2) With this procedure, the experimental
studies on the dependency between the optimal parameter »
in r-SVR and the Gaussian noisy input are given. Our exper-
imental results here confirm the theoretical claim in [1].

Keywords Support vector regression (SVR) - r-loss
functions - Newton descent method

1 Introduction

Support vector regression machines [2, 3, 6-8] have earned
their success in various applications, such as pattern recog-
nition, modeling and data mining. Since noise often occurs
in real input dataset, it is very important for us to derive
the dependency between the optimal parameters in support
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vector regression machines and the noisy input. Kwok and
Tsang [4], Smola et al. [5] and Smola and Scholkopf [6]
established the linear dependency between ¢ in e-SVR with
the e-insensitive loss function and the noisy input. In [1], the
authors investigated theoretically optimal parameter choices
for Huber-SVR with the Huber loss functions and r-SVR
with the norm-r loss functions. Our theoretical results claim
that the parameter . in Huber-SVR has the linear dependency
with the noisy input, and the parameter rin #-SVR has the
inversely linear dependency with the input noise.

However, when r takes a non-integer value, r-SVR can-
not be easily realized using the classical QP optimization
method. Due to this fact, unlike e-SVR and Huber-SVR, to
date, the experimental study on the optimal parameter choice
for r-SVR with the noisy input has not yet been reported.
In this correspondence, the Newton-descent-method based
implementation approach on 7-SVR is derived. With this ap-
proach, the experimental study on the inversely linear depen-
dency between the optimal parameter r in »-SVR and the
Gaussian noisy input is organized in the paper. Our experi-
mental results here support the theoretical claim in [1].

2 Norm-r support vector regression machine »-SVR
Assume there is a dataset D with n-dimensional input vector x

X € R",

D={x,y),...,x, )}, y € R,

where [ denotes the number of samples in D, we are interested
in obtaining a weight vector w and an parameter b such that

f&x) =(w,x)+b

can be used to approximate the dataset well. In [1], we define
the so-called norm-r loss function as

L (f&®) —y) =1fx) =y,
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according to the definition in [1], 7-SVR is equivalent to the
following minimization problem:

. 1
min & (w, £) = > |w|* +C ) &,

S.t.

lf &) —yil <&, i=1,....1
{ & >0, )]
where C is a predefined constant, and &;(i = 1,2,...,/)

measures the upper amount that | f (x;) — y;|” must satisfy.

By forming the Lagrangian, (1) can be transformed into
the corresponding dual quarantic programming problem. Its
derivation is derived as follows. With o;, oo, y; being the
Lagrangian multipliers, we introduce the Lagirangian
L(w,b,&, a, a*, y) below:

1
minL (w. b, & o, o, y) =  [w|?

+C Z&‘ + Zai [yi - fx) - éi%:l
+Za? [f (Xi) = yi = 5,-%] - Z%‘éf‘

s.t.
a; =0,
af 20, )
v, 20,i=1,...,1,
& =20
where a = (a, an, ....... Jop), o = (af, a3, ... , o).

The KKT optimality conditions require that at optimality
the gradients of the Lagrangian vanish, that is to say,

aL

— =0,
oW

oL

— =0,

ab

oL

9L . 3)
9§

oL

— =0,

Vi

where i = 1, ..., [. After substituting (3) into (2) and further

simplification, we can obtain the dual optimization problem
of r-SVR:
!
1
min L(a, ) = 3 Z (i —of) (aj — a}f) (xi, x;)

ij=1

1 . 1 ,
Y (=)t Y (e )
i=l1 rr=1Cr=1 i=1
S.t.
o =0,
af 20, i=1,...,1

’ “4)

(Oli —otfk) =0

1

-

i=1

Remark 1 In (4), we may replace (X,-, X j) by some kernel
function K (X,-, X j). In terms of the theoretical derivations in
[1], kernel functions do not give a big impact on the optimal
parameter choice for r-SVR, so, here we do not intend to
extend our discussion into the kernel cases.

Remark 2 When no noise or very small noise exist in input
datasets or the influence of noise may be ignored, we gener-
ally take r = 2, due to its simplicity ( (4) may be easily solved
by the classical QP method) and human being’s habit. In fact,
r-SVR is a generalized version of the often-used 2-SVR. How-
ever, it is easily seen from (4) that when r is a non-integer
value, r-SVR cannot be solved using the classical QP method.
Therefore, we must attempt to find out the alternative method.
Fortunately, the following Newton-descent-method can help
us to achieve this goal.

Remark 3 When an input dataset contains noise, we should
choose an optimal parameter r in r-SVR to reduce the influ-
ence of noise well. Theoretical analysis in [1] shows that
parameter r in r-SVR has the inversely linear dependency
with noisy input. That is to say, with the increase of noise,
parameter r in r-SVR should be linearly reduced to suppress
the influence of noise. However, experimental studies were
not reported in [1].

3 Newton descent method for »-SVR

In the previous section, our discussion resulted in a con-

strained optimisation problem, which cannot be solved using

the classical QP method. In the following, we address this

optimisation problem (4) using the Newton descent method.
Define the following penalty term:

! !
P(a,a*)=—N (Zlog o + Zlog “;‘*)
i=1 i=1
. 2
+M |:Z (oe,- — (xf‘):| ,

i=1
where M, N denote the penalty factors in the above penalty
term. Furthermore, let

%) (a, a*) =L (a, a*) +P (a, a*)
thus, we can transform the constrained optimization problem
(4) into the following unconstrainted optimization one:

ming (o, ) =L (a, a*) + P (v, ) .

a,o*

&)

According to the Newton descent method, we can use the
following [6] to calculate o, a*:

[ k] [ kl:|
o T ot |
[ ( k=1, Itfl)] 1 ; ( k=1, Z*l)’ (E)

where k denotes the iterative number, and the matrix Vg
(a, ) is defined as
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Vo (a, a*) =

1.2 T T T T T T T T T

10 -8 6 -4 -2 0 2 4 6 8 10
Noisy_r_factor = 0.55929

Fig. 2 Regression curve of r-SVR with » = 2 for noisy input with
k =0.05
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and the 2/ x 2[ matrix V2¢ (o, o*) is defined as

— 82_‘;0 azw azw azw -
da? doy 0y 30!130()]k aalﬁal*
R Qo e | D¢
day da do? Aoy Dot doy daf
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Fig. 3 Regression curve of r-SVR with r = 1.8 for noisy input with
k =0.05
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Fig. 4 Regression curve of »-SVR withr = 1.5 for noisy input with
k=0.05



222

S. Wang et al.

oo £ % -

06 ! . 4

sin)/x
=]
F-
1

‘*.I I.
02F i bl i 4

o
T
"o
#*
o+
“e
4
¥

021

0.4 = =

=)
éo
[e2]
T
L)
o
[ %)
s
@
o
':“

Noisy_r_factor =0.53429

Fig. 5 Regression curve of r-SVR with r = 1.3 for noisy input with
k=0.05
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3
Fig. 6 The relationship between r and o when k = 0.05
where
3%
Ba,-aaj
e
(ixi) iy ()T N omi =
= Jj=1.0
(x:. %) +2M, i)
3¢
dorf dot;
2-r
<Xisxi> + 11<a,-gai)r1+ﬂiz+2M’l_j
= =100
<X,',Xj) +2M, l#]
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Fig. 7 The relationship between r and o when k = 0.15
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Fig. 8 The relationship between r and o when k = 0.30
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Thus, given appropriate M and N, we can obtain the approx-
imate solution of (4) by running [6] repeatedly.

(X,’,Xj) +2M,

4 Experimental studies

In [1], the authors theoretically derived the almost inversely
linear dependency between r and o. Now, in order to further
confirm this theoretical result, let us do experimental studies
by applying the above algorithm to a benchmarking function
Sin C(x).

Given a Sin C function y = sin(x)/x,x € [—10, 10],
let us generate its uniformly distributed dataset (x;, y;),i =
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1,...,41, withx varying from—10to 10 using the step length
0.5. First, for the dataset, we can easily construct its regres-
sion curve f = f(x) using r-SVR. Next, in order to inves-
tigate the dependency relationship between r and the noisy
input, let y = sin(x)/x + k - n, x € [—10, 10], where k is a
noise-signal ratio and n ~ N (0, o) represents the Gaussian
noise. Similarly, we can generate its corresponding sampling
dataset (x;, y/),i = 1,...,4l, and obtain its 7-SVR regres-
sion curve f' = f(x). In order to make the experimental
results fair, we take o from [0, 2.8], and use the Gaussian
noise distribution to generate 15 groups of the corresponding
sampling datasets for each given o. For each given o, we take
r as the average result of all 20 r values which can minimize

41
> | fI — fi | respectively for each group of the sampling
i=1

datasets.

Our experimental results can be seen from Figs. 1-8.
Figure 1 demonstrates the real output of y = sin(x)/x and
its regression curve using r-SVR, where “+” denotes a sam-
ple (x;, y;),i = 1,...,41, and the solid line corresponds
to its r-SVR regression curve. Figures 2—5 show the r-SVR
regression curves for the noisy input (k =0.05) withr=2, 1.8,
1.5, 1.1, where “*” corresponds to a noisy version of sample
“+”. In order to measure the role of the parameter r, we define

> (flx) - yi)*
> (f ) — yl{)z

i

)

Noisy_r_factor =~ 1 —

where f (x)denotes the regression curve for the dataset, and
f’(x)denotes the regression curve for the noisy dataset. Obvi-
ously, we should take such an r that Noisy_r_factor reaches its
possible minimum. In other words, the smaller Noisy_r_fac-
tor is, the better the corresponding regression curve f’(x)is.
From Figs. 2-5, we easily see thatr =1.3 isa good choice (the
corresponding Noisy_r_factor =0.53429). Figures 6, 7 and 8
depict the dependency relationships between rand o for all
15 ovalues with different k(see “+” in the figures), where
we use the curves to roughly indicate the change tendencies
between rand o, respectively. We can easily see from these
figures that when noise is very small, i.e, k and o is small, r
may be roughly taken as 2, which is very good in line with the
fact that in most cases, we use 2-SVR for realistic datasets
without noise With the increase of k and/or o, there obvi-
ously exist the almost inversely linear dependency between
rand o. However, when k and/or o become comparatively
larger, i.e, the datasets are seriously distorted, the inversely
linear relationship between rand odoes not exist anymore
(see Fig. 8). In other words, r-SVR may become ineffective

for seriously distorted datasets. In summary, the above experi-
mental results validate the theoretical claim on optimal param-
eter choice of r-SVR with noisy input.

5 Conclusion

When r takes a non-integer value, realizing »-SVR is not a
trivial task. This correspondence presents the Newton-decent-
method based implementation procedure of »-SVR. With this
procedure, the experimental studies on the dependency rela-
tionship between the optimal parameter r in ¥-SVR and the
Gaussian noisy input are given. Our experimental results here
confirm the theoretical analysis in [1]. That is to say, there
exists the inversely linear dependency between the optimal
parameter 7 in 7-SVR and the noisy input.
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