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Abstract

The paper introduces a framework for studying
structural risk minimisation. The model views
structural risk minimisation in a PAC context. It
then considers the more general case when the hi-
erarchy of classesischosen inresponse to the data.
This theoretically explains the impressive perfor-
mance of the maximal margin hyperplane algo-
rithm of Vapnik. It may also provide a generd
techniquefor exploiting serendipitoussimplicity in
observed data to obtain better prediction accuracy
from small training sets.

1 Introduction

The standard PAC model of learning considers a fixed hy-
pothesis class H together with a required accuracy ¢ and
confidence 1 — 6. The theory characterises when a target
function from H can be learned from examples in terms of
the Vapnik-Chervonenkis dimension, a measure of the flex-
ibility of the class H and specifies sample sizes required to
deliver the required accuracy with the allowed confidence.

In many cases of practical interest the precise class containing
thetarget functionto belearned may not be knownin advance.
The learner may only be given a hierarchy of classes

HiCH,C...CHsC...

and betoldthat thetarget will liein one of thesets H 4. Linial,
Mansour and Rivest [5] studied learning in such aframework
by allowingthelearner to seek aconsistent hypothesisineach
subclass H 4 inturn, drawing enough extra examples at each
stage to ensure the correct level of accuracy and confidence
should a consistent hypothesis be found.

This paper addresses two shortcomings of the above ap-
proach. The first is the requirement to draw extra examples
when seeking in aricher class. It may be unredlistic to as-
sume that examples can be obtained cheaply, and at the same
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time it would be foolish not to use as many examples as are
availablefrom the start. Hence, we supposethat afixed num-
ber of examplesisallowed and that the aim of the learner is
to bound the expected generalisation error with high confi-
dence. The second drawback of the Linia et al.approach is
that it is not clear how it can be adapted to handle the case
where errors are alowed on the training set. In this situa
tion there is a need to trade off the number of errors with
the complexity of the class, since taking a class which istoo
complex can result in a worse generalisation error (with a
fixed number of examples) than allowing some extra errors
inamore restricted class.

The model we consider will allow a precise bound on the
error arising in different classes and hence a reliable way of
applying thestructural risk minimisation principleintroduced
by Vapnik [8, 10]. Indeed, the results reported in Sections 2
and 3 of this paper areimplicitin the cited references, though
we fed judtified in presenting them in this framework as
we believe they deserve greater attention and development.
(We also make explicit some of the assumptions inherent
in the presentations in [8, 10].) In Sections 4 and 5 we
address a shortcoming of the SRM method which Vapnik [8]
highlights: according to the SRM principle the structure
has to be defined a priori before the training data appear.
An heuristic using maximal separation hyperplanes proposed
by Vapnik and coworkers [3] violates this principle in that
the hierarchy defined depends on the data. We introduce a
framework which allows this dependency on the data and yet
can till placerigorousboundsonthe generalisationerror. As
an example, we show that the maxima margin hyperplane
approach proposed by Vapnik fallsinto the framework, thus
placing the approach on a firm theoretical foundation and
solving along standing open problem in statistical induction.

The approach can be interpreted as a way of encoding our
bias, or prior assumptions, and possibly taking advantage of
them if they happen to be correct. In the case of the fixed
hierarchy, we expect the target (or a close approximation
to it) to be in a class H; with small d. In the maximal
separation case, we expect the target to be consistent with
some classifying hyperplane that has a large separation from
the examples. This corresponds to a collusion between the
probability distribution and the target concept, which would
be impossible to exploit in the standard PAC distribution
independent framework. [f these assumptions happen to be
correct for the training data, we can be confident we have an



accurate hypothesis from a small data set (at the expense of
some small penalty if they are incorrect).

2 Basic Example — No Training Errors

Asan initial example we consider a hierarchy of classes
H CH,C...CH;C...

where we will assume VCdim(H;) = d for the rest of this
section. Suchahierarchy of classesistermed adecomposable
concept class by Linia et al. [5]. We will assume that a
fixed number m of labelled examples are given as a vector
z = (X, t(x)) to the learner, where x = (24, ..., z,), and
t(X) = (t(x1),...,t(*n)), and that the target function t lies
in one of the subclasses H;. The learner uses an algorithm
to find a value of d which contains an hypothesis & that is
consistent with the sample z. What we requireis a function
e(m, d, §) which will give thelearner an upper bound on the
generalisation error of ~ with confidence 1—6. Thefollowing
theorem gives a suitable function. We use Erz(h) = |{i :
h(z;) # t(2;)}| to denote the number of errorsthat A makes
onz,anderp(h) = P{x: h(X) # t(x)} todenotethe expected
error when z3, . . ., z,, are drawn independently according
to P.

Theorem 1 Let H; be as above, and let p; be any set of
positive numbers satisfying 357, ps = 1. With probability
1 — é over m independent identically distributed example,
for any d for which a learner finds a consistent hypothesis »
in H4, the generalisation error of & isbounded by

e(m, d, §) = %{dln (2‘;7”) +1In (pid) +In (g)}

Proof: The proof uses the standard bound on generalisation
error for each of the classes but divides the confidence be-
tween the classes giving proportion p4 to class H;. Hence,
we show that
Pr{z : 3d,3h € Hy,Erz(h) =0, and
erp(h) > e(m,d, 8)} <6,

by showing that for al d

Pr{z:3h € Hq,Erz(h) = 0,erp(h) > e(m,d, )} < épq.

The probability on the left of the inequality is, however,
bounded with the usual analysis via Sauer’s lemma by

—e(m,d, §)m
4 ’

AN, (2m) exp (

where M, (m) isthegrowth function: the maximum number
of dichotomiesimplementable on m pointsby H ;. Substi-
tuting the given value of ¢(m, d, §) givesthe required bound
of dpg.m

Therole of the numbers p; may seem alittlecounter intuitive
aswe appear to be ableto biasour estimate by adjusting these
parameters. The numbers must, however, be specified in
advance and represent some apportionment of our confidence
to the different points where failure might occur. In this
sense they should be one of the arguments of the function

e(m,d,8). We have deliberately omitted this dependence
as they have a different status in the learning framework.
(Vapnik [7] implicitly assumes p; = 1/d,i =1,...,d.) The
corresponding term

4
——1In
— (pa),

represents the overestimate of ¢(m, d, §) arising from our
prior uncertainty about which class to use. If we have any
information about which classes are more likely to arise we
can use it to improve our bias. For example, if we know that
class H,; will occur then we choose p; = 1 and recover the
standard PAC model. If on the other hand the probabilities
of thefunction fallingin different classes are knownto be ¢4,
the expected overestimate in e(m, d, 6) or losswill be

oQ

L(a) = 23" —galn(pa).

d=1

Hence, the difference between the loss of p and that obtained
by using the values q as biastermsis

L(p) — L(9) = ZKL(P,0).

where KL(-,-) > 0 is the Kullback-Leibler divergence be-
tween the two distributions. Hence, we have the following
corollary.

Corollary 2 If we know the probabilities ¢4 of the target
falling into the classes H 4, then we minimise the expected
overestimate of the generalisationerror by choosingpg = ¢4.
In this case the expected amount of the overestimate is

%H(Q),

where 77(q) isthe entropy of the distributiong.

3 Structural Risk Minimisation

Using the framework established in the previous section we
now wish to consider the possihility of errors on the training
sample.

We will make use of the following result of Vapnik in a
slightly improved version of Anthony and Shawe-Taylor [2].
Note also that the result is expressed in terms of the quantity
Erz(h) which denotes the number of errors of the hypothesis
h on the sample z, rather than the usual proportion of errors.

Theorem 3 ([2]) Let 0 < e < 1and 0 < v < 1. Suppose
H is an hypothesis space of functions from an input space
X to {0, 1}, and let v be any probability measure on S =
X x {0,1}. Then the probability (with respect to »™) that
forz € S™, thereissome h € H such that

er,(h)>e and Erz(h) < m(l—~y)er,(h)
isat most )
4N g (2m)exp (—7 Zm) .

Our aim will be to use a double stratification of ¢; as before
by class (via pg), and aso by the number of errors on the



sample (via ¢q4x). The generalisation error will be given asa
function of the size of the sample m, index of the class d, the
number of errors on the sample &, and the confidence é.

In what follows we will often write Erx(h) (rather than
Erz(h)) when the target ¢ is obvious from the context.

Theorem 4 Let H;,7 = 1,2, ..., bedefined as in Section 2
and let pg, ¢4 be any sets of positive numbers satisfying

(o]
Z pa =1,
d=1

and 37, qar = 1for all d. Then with probability 1 — 6
over m independent identically distributed examples x, if the
learner finds an hypothesis /& in H g with Erx(k) = £, then
the generalisation error of & is bounded by

e(m,d k,6)= L (Zk +4In (QA) n

a{din(zp) +in(;%)}) .

Proof : Again we bound the required probability of failure
Pr{z:3d,k, 3h € Hq, Erz(h) = k,

erp(h) > e(m,d, k,8)} <6,

by showing that for al d and &
Pr{z : 3he€ Hy Erz(h) =k,
erp(h) > e(m,d, k,8)} < 6paqax-

Wewill apply Theorem 3 once for each value of k and d. We

must therefore ensure that only one value of ¥ = ~4; isused
in each case. An appropriatevalueis

ke

me(m,d, k, &)

Thisensures that if erp(h) > e(m, d, k,6) and Erz(h) = k,
then

Erz(h) = k = m(1—vap )e(m, d, k, 8) < m(1—vq;)erp(h),

asrequired for an application of the theorem. Substitution of
the appropriate parameters into the expression of the proba-
bility and then simplifying gives the required result, by ig-
noring one of the negative terms arising from squaring~ 4z . m

Yar = 1—

Note that the term ignored at the end of the proof could be
used to improve the error bound, particularly for large &,
hence reducing the required size of the ¢4 inthese cases. As
we will see below we may be content to choose ¢4;, small for
these values as we do not expect them to be useful in practice
inany case. For small k theterm ignoredis only marginally
lessthan 1.

The question of how to choose the prior ¢4 for different &
will again affect the resulting trade-off between complexity
and accuracy. In view of our expectation that the penalty
term for choosing alarge classis probably an overestimate, it
seems reasonabl e to give a correspondingly large penalty for
large numbers of errors. One possibility is an exponentialy
decreasing prior distribution such as

qar = 27D,

though the rate of decrease could aso be varied between
classes. Assuming the above choice, an incremental search
for the optimal value of d would stop when the reduction in
the number of classification errorsin the next class was less

than
2em
.841 .
084n< d)

Hence, for d =~ m we would need to reduce the number of
errors by on average about 1.42 per increment of VC class.
(Note that the tradeoff between errors on the sample and
generalisation error isalso discussed in[4].)

4 A General Framework for Decomposing
Classes

The standard PAC analysis gives bounds on generalisation
error that are uniform over the hypothesis class. Decompos-
ing the hypothesisclass, as described in Section 2, allowsus
to bias our generalisation error bounds in favour of certain
target functions and distributions: those for which some hy-
pothesislow inthehierarchy isan accurate approximation. In
this section, we introduce a more general framework which
subsumes both the standard PAC model and the framework
described in Section 2. This can be viewed as one way to
allow the decomposition of the hypothesis class to be chosen
based on the sample. This allows us to bias our generalisa-
tion error bounds in favour of more general classes of target
functionsand distributions, which might correspond to more
realistic assumptions about practical learning problems.

It seems that in order to alow the decomposition of the hy-
pothesis class to depend on the sample, we need to make
better use of the information provided by the sample. Both
the standard PAC analysis and structural risk minimisation
with a fixed decomposition of the hypothesis class effec-
tively discard the training examples, and only make use of
the function Erz defined on the hypothesis class that is in-
duced by the training examples. The additional information
weexploit inthe case of sample-based decompositionsof the
hypothesis class is encapsulated in a luckiness function.

The mainideaistofix in advance some assumption about the
target function and distribution, and encode this assumption
in a real-valued function defined on the space of training
samples and hypotheses. The value of the function indicates
the extent to which the assumption is setisfied for that sample
and hypothesis. We call this mapping a luckiness function,
since it reflects how fortunate we are that our assumption is
satisfied. That is, we make use of afunction

L:X™x H—RT

which measures the luckiness of a particular hypothesiswith
respect to the training examples. Sometimes it is convenient
to express thisrelationship in an inverted way, as an unluck-
iness function,

U:X"x H—RT,

It turnsout that only the ordering that theluckinessor unlucki-
nessfunctionsimposeon hypothesesisimportant. Recall that
h(x) = (h(x1), ..., h(zn)) and let H|x = {h(X):h € H}.



We define the level of afunction h € H relativeto L and x
by the function

0(x,h) = [{g(x): g € H, L(X,g) > L(X, h)}|,
or
Ux,h) =1{g(x):3g € H,U(x,9) < U(x,h)}].

Whether ¢(x, h) is defined interms of L or U is a matter of
convenience; the quantity £(x, h) itself playsthe centra role
in what follows.

4.1 Examples

Example 5 Consider the hierarchy of classes introduced in
Section 2 and define

UX,h) =min{d : h € Hg}.

Then it follows from Sauer’s lemma that for any x we can
bound ¢(x, h) by

em

d
E(Xa h) S (7) ;
where d = U(x, h). Noticealso that for anyy € X™,

o< (2

where (xy) = (z1, . .

'axmayla"'aym)-

The last observation is something that will prove useful later
when we investigate how we can use luckiness on a sample
to infer luckiness on a subsequent sample.

For the case of linear threshold functionsin Euclidean space,
Boser et al. [3] suggest that choosing the maximal margin
hyperplane (i.e. the hyperplane which maximises the min-
imal distance of points — assuming a correct classification
can be made) will improve the generalisation of the resulting
classifier. They give evidence to indicate that the generalisa-
tion performance is frequently significantly better than that
predicted by the VC dimension of the full class of linear
threshold functions. The following theorem gives circum-
stantial evidence to indicate why this might occur.

Consider ahyperplanedefined by (w, #), where w isaweight
vector and # a threshold value. Let X be a subset of the
Euclidean space that does not have a limit point on the hy-
perplane, so that

min |[{x, w) + 8| > 0.

reXo
We say that the hyperplaneisin canonical formwith respect
to X if

min |{x,w) + 6] = 1.

reXo

Let || - || denote the Euclidean norm.

Theorem 6 (Vapnik [8]) Suppose X is a subset of the in-
put space contained in a ball of radius i about some point.
Consider the set of hyperplanes in canonical form with re-
spect to X that satisfy ||w|| < A, and let F be the class of
corresponding linear threshold functions,

[z, w) = sgn({z, w) + 0).
Thentherestriction of F tothe pointsin X o hasVC dimension

bounded by
min{ R?A% n} + 1.

We can analyse the performance of the maximal margin clas-
sifier in terms of a certain sample-based decomposition of
the class of linear threshold functions. This decomposition
favourstarget functionsand distributionsfor whichitislikely
that, for alarge set of random examples, some linear thresh-
old function will correctly classify the set such that most
examples will lie far from the separating hyperplane. In
Section 5, we apply the results of this section to show that
Vapnik's approach is indeed well founded, and in particular
that the generalisation error of the maxima margin classifier
isconsiderably smaller when thisassumptionissatisfied. We
use the foll owing unluckiness function.

Definition 7 If h isalinear threshold function with separat-
ing hyperplane defined by (w, ), and (w, #) isin canonical
formwith respect to an m-sample x, then define

U(x, h) = min{256R¥(1 + R?)A% n + 2} + 1,
where R = MaXi<;<m ||l‘l|| and A = ||w||

By Theorem 6 the unluckinessfunctionisaloose upper bound
ontheVC dimension of the set of dichotomiesrealisablewith
hyperplaneswith at least as large a separation. Hence,

em\ 4
E(Xa h) S (7) ;
whered = U(X, h).

4.2 Probable Smoothness

Definition 8 An «-subsequence of a vector x is a vector X
obtained from x by deleting a fraction of at most « coordi-
nates. We will alsowritex’ C,, x.

A luckiness function L(x, ») defined on a function class H
is probably smooth with respect to functions (i, L, §) and
é(m, L), if, for all targets¢ in H and for every distribution

P?™ {(xy) :3h € H,Erx(h) = 0, Y(X'Y') C, (xy),
((XY'), h) > ¢(m, L(x, h))} < 6,
where n = n(m, L(X, k), §).

The definition for probably smooth unluckiness is identical
except that .’s are replaced by U’s. The intuition behind
thisrather arcane definitionis that it captures when the luck-
iness can be estimated from the first half of the sample with
high confidence. In particular, we need to ensure that few
dichotomies are luckier than ~ on the double sample. That
is, for aprobably smooth luckinessfunction, if an hypothesis
h has luckiness L on the first m points, we know that, with
high confidence, for most (at least a proportion n(m, L, §))
of the pointsin a double sample, the growth function for the
class of functions that are at least as lucky as & is small (no
more than ¢(m, L)).

Theorem 9 Suppose pg, d = 1, ..., 2m, are positive num-
bers satisfying szl p; = 1, L is a luckiness function for

a function class H that is probably smooth with respect to
functionsp and ¢, m € Wand 0 < é < 1/2. For any
target functiont € H and any distribution P, with probabil-

ity 1 — 6 over m independent examples x chosen according



to P, if for any i € IN a learner finds an hypothesis / in
H with Erx(h) = 0 and ¢(m, L(x, h)) < 2'*1, then the
generalisation error of h satisfieserp(h) < e(m, ¢, 6) where

2 (H— 1+ Iogzi)
m pid
+4n(m, L(X, h), p;6/4)(log, 2m + 1).
Proof : Using Chernoff bounds,
P™{x:3h e H,3i e N,Erg(h) =0,
¢(m, L(x,h)) <27 erp(h) > ¢(m,4,6)}
< 2P?™{(xy):3h € H,3i € N,Erx(h) = 0,
o(m, L(x, h)) < 2°+1 Ery(h) > Ze(m,i 6)}

provided m > 8/¢(m, i, §), which follows from the defini-
tionof ¢(m, i, 6) and thefact that 6 < 1/2. Hence it suffices
to show that P<™(J;) < §; = p;6/2 for each i € IV, where
Ji isthe event

{(xy) :3h € H Erx(h) =

e(m,i,8) =

0, ¢(m, L(x, h)) < 211,
Ery(h) > Fe(m,i,6)} .
Let S be the event
{(xy) : 3h € H,Erx(h) = 0,Y(X'y") C, (Xy)
((XY'). k) > é(m, L(x, b))}
with n = n(m, L;,4;/2). Since L is probably smooth,
p2m(s ) g 6;/2. 1t followsthat
() = PP(J;NS)+P(1iNS)
< 8/2+ PP(J;inS).
It suffices then to show that P2™(.J; N S) < 6;/2. ButJ; NS
isasubset of
R={(xy):3h € H Erx(h) =0,
AXY') Sy (xy), U(X'Y'), h) < 27,
Ery (h) > Ze(m,i,6) = (Y = 1Y)},
where |y’| denotes the length of the sequence y'.

Now, if we consider the uniform distribution U on the group
of permutations on {1,...,2m} that swap elements ¢ and
i + m, we have

P?(R) < supU {0 : (xy)” € R},
(Xy)
where 27 = (zo(1), - - -, Zo(2m)) fOr z € X2™. Fix (xy) €
X2, For asubsequence (X'y') C, (xy), welet (X'y")? de-
note the corresponding subsequence of the permuted version
of (xy) (and similarly for (x’)” and (y’)?). Then

Ufo:(xy)’ € R} <
U{eo:3(XY) C, (xy),Ih € H, (XY,
Erxy- (h) = 0,
Ercyyr (h) > Be(m,i,8) — (ly| = V'] }
< Y Ufe:3heH U(XY) h) <2,
(X'Y)C H(XY)
Erixy- (h) = 0,
Eryn- (h) > Be(m,i,6) = (Iyl = IY']) } -

h) < 2,

For a fixed subsequence (X'y’) C, (xy), define the event
inside the last sum as A. We can partition the group of
permutations into a number of equivalence classes, so that,
for all ¢, within each class al permutations map ¢ to a fixed
value unless (x'y’) contains both x; and y;. Clearly, al
equivalence classes have equal probability, so we have

> Pr(A|C)Pr(C
C
< supPr(A|C),
C
where the sum and supremum are over equivalence classes

C'. But within an equivalence class, (x'y')? is apermutation
of (x'y’), so we can write

Pr(A[C) = Pr(3he o (((Xy)7,h) < 2%,
Erx)-(h) =0,
Er(y/)a (h) > %E(ma i, 6) - <|y| - |y/|> | C)

< sup |H|<x',y'>°'|5Up
ceC

Pr (EI’(X/)U (h) =0, Er(y/)a (h) > 6 m,t, (5 | C (1)
wherethe second supremum isover the subset of 4 for which
((X'y")?, h) < 2111, Clearly,

[Hioeyn- | <247,
and the probability in (1) is ho more than
o—me(m,i,6)/2+2nm

Combining these results, we have

sz(JZ» n 57) < <2m )2i+12—m/25(m,i,6)+277m’

nm

and thisisno more than é; /2 = p;6/2if

4
%G(m, i,6) > 2nmlog,(2m) + i + 1+ 2npm + log, —
pi

The theorem follows.

5 Examples of Probable Smoothness

Inthissection, we consider three exampl es of luckinessfunc-
tionsand show that they are probably smooth. Thefirst exam-
ple(Example5) isthesimplest; inthiscase luckinessdepends
only on the hypothesis » and isindependent of the examples
X. In the second example, luckiness depends only on the
examples, and is independent of the hypothesis. The third
example alows us to predict the generalisation performance
of the maximal margin classifier. In this case, luckiness
clearly depends on both the examples and the hypothesis.

If we consider Example 5, the unluckinessfunctionisclearly
probably smoothif wechoose¢(m, U (x, h)) = (2em/U)" |
andn(m, U, §) = Ofor al m and §. The bound on generali-

sation error that we obtain from Theorem 9isamost identical
tothat given in Theorem 1.

The second example we consider involves examples lying on
hyperplanes.



Definition 10 Define the unluckiness function U (X, ») for a
linear threshold function ~ as U(x, k) = dimspan{x}, the
dimension of the vector space spanned by the vectors x.

Proposition 11 Let H be the class of linear threshold func-
tionsdefined onR¢. Theunluckinessfunction of Definition 10
is probably smooth with respect to ¢(m, U) = (Zem/U)U
and

n(m, U, 8) = %{Uln (2‘;”) +In (%d)} .

Proof: The recognition of a & dimensional subspace is a
learning problem for the indicator functions A, of the sub-
spaces. These haveVC dimension k. Hence, applying the hi-
erarchical approach of Theorem 1taking p;, = 1/d, weabtain
the given error bound for the number of examples in the sec-
ond half of the sequence lying outside the subspace. Hence,
with probability 1 — é therewill be a (1 — 1)-subseguence of
points al lying in the given subspace. For this sequence the
growth function is bounded by ¢(m, U). n

The above example will be useful if we have a distribution
which is highly concentrated on the subspace with only a
small probability of points lying outside it. We conjecture
that it is possible to relax the assumption that the probability
distribution is concentrated exactly on the subspace, to take
advantage of a situation where it is concentrated around the
subspace and the classifications are compatible with a per-
pendicular projection onto the space. Thiswill also make use
of both the data and the classification to decide the luckiness.

Weturnfor therest of the paper to the example of the maximal
margin hyperplanes and show that the unluckiness function
defined in Definition 7 is probably smooth for appropriate
(useful) choices of  and ¢. We begin by some preliminary
definitions and results.

Definition 12 Let F be a set of real valued functions. We
say that a set of points X is~-shattered by F if therearereal
values r,, indexed by z € X such that for all binary vectors
b indexed by X, thereisafunction f; € F satisfying

>rp ey ifby=1
fb(ge){ <r,—~ otherwise

The fat shattering dimension Fat = of the set F is a function
from the positive real numbers to the integers which maps
a value v to the size of the largest v-shattered set, if thisis
finite or infinity otherwise.

Definition 13 Let F be a set of real valued functions. We
say that a set of points X islevel v-shattered by F if it can be
v-shattered when choosing the r,, constant across all inputs
z. Thelevel fat shattering dimension LFat = of theset F isa
function from the positive real numbersto the integerswhich
maps a value v to the size of the largest level ~-shattered set,
if thisisfinite or infinity otherwise.

Note that the second dimension is a scale sensitive version
of adimensionintroduced by Vapnik [7]. The scale sensitive
version wasfirst introduced by Alon et al. [1].

Lemma 14 Let F be the set of linear functions with unit
weight vectors, restricted to pointsin a ball of radius R,

F={er— (w,z):||w|]|=1}.
Then the level fat shattering function can be bounded by
LFatr(y) < min{R?/~+* n} + 1.

Proof: If a set of points X is to be level v-shattered there
must be avalue » such that each dichotomy & can be realised
with aweight vector w; such that

( > >r+4+y ifby,=1
Yo <r—+5 otherwise

Letd = minyex |(wp, x) —r| > . Consider the hyperplane
defined by (wj, ') = (wy/d,r/d). 1tisin canonical form
with respect to the points X, satisfies ||ws/d|| = 1/d and
realises the given dichotomy. Hence, the set of points X can
be shattered by a subset of canonical hyperplanes satisfying
[Jwi]| < 1/d < 1/~. Theresult followsfrom Theorem 6.n

Corollary 15 Let F be the set of linear functions with unit
weight vectors, restricted to pointsin a ball of radius R about
the origin. The fat shattering function of ' can be bounded
by

Fatr(v) < min{4R?/v? n+ 1} + 1.

Proof: Suppose m pointslying in aball of radius R about
the origin are y-shattered with corresponding output values
rz. Clearly, r, < R. We extend the pointsinto one extra
dimension adding the value r,, for the point z. That is, z =
(21, ...,2q4) becomes (z1,...,24,7,). Sincer, < R, the
norm of the new vectorsis bounded by v/2R. By extending
each of the weight vectors realising the fat shattering of the
points with coordinate —1, we see that the points are level
~-shattered at level 0. The norm of the weight vectorsis /2,
so to obtain unit weight vectors we must divide them by this
amount. |f we multiply the m vectors by the same amount
the effect is to leave the output unchanged. Hence, we have
generated a set of m pointsin n + 1 dimensional space lying
inaball of radius 2R, which are level v-shattered by linear
functions with unit weight vectors. By the lemma, we have
m < min{4R?/y? n+ 1} +1.u

Before we can quote the next lemma, we need another defi-
nition.

Definition 16 Let (X, d) be a (pseudo-) metric space, let A
beasubset of X ande > 0. Aset B C A isan e-cover
for A if, for every a € A, there exists ¥ € B such that
d(a,b) < €. The e-covering number of A, Ny(e, A), isthe
minimal cardinality of an e-cover for A (if thereis no such
finite cover then itis defined to be co).

Theideaisthat B should befinite and allow finite arguments
to be used whilecovering thefull space A. Inour case wewill
use the {*° distance over a finite sample X = (z1, ..., zm)
for the pseudo-metric in the space of functions,

dx(f,g9) = max |f(xi) — g(@i)].



We write N (e, F,x) for the e-covering number of F with
respect to the pseudo-metric dx.

We now guote a lemma from Alon et al. [1] which we will
need in the proof of the next proposition.

Lemma 17 (Alon et a. [1]) Let F be a class of functions
X — [0,1] and P adistributionover X. Choose0 < ¢ < 1
andlet d = Fatz(e/4). Then

am dlog(2em/(de))
=) ’

E(N(e, F,x)) < 2(

where the expectation F is taken wirt. a samplex € X"
drawn according to P™.

Corollary 18 Let F be a class of functions X — [a, b] and
P adistribution over X. Choose 0 < ¢ < 1andletd =
Fatr(c/4). Then

bl

4m(b _ Cl)z) dlog(2em(b—a)/(de))
2

E(N(e, F,x)) < 2(

€

where the expectation £ is over samples x € X drawn
according to P™.

Proof: We first scale all the functions in F by the affine
transformation mapping the interval [, b] to [0, 1] to create
the set of functionsF'. Clearly, Fatz: (v) = Fatz(y(b—a)),
while

E[N(e, F,x)] = E[N(¢/(b— a), F',X)].
The result follows. n

Proposition 19 Suppose F is a set of functions that map
from X to [a, b] with finite fat-shattering dimension. Then
for any distribution P on X,

P {(xy): 3y eR¥,3f € F,
{i 11l < minl ()] = 29| > e(m,7,8)} < 6
m,y,6)1s
8em(b—a 32m(b—a)?
& (kar2logs (5052 ) tog, (22075 +
logZ (ﬁlj}/_Tal)) 3

and k, = Fatz(y).
Proof : The required probability is no more than

p2m {(xy) Iy e{(b—a)27 1i e N}

{2170l < minl @] - 27} >

1
m

fer, t

e(m, 2, 5)}

IN

> prm {(xy) (3Af e F,
ien
1

m

{i51760)] < minl ()] - 23 }| >
e(m, 24, 6)} ,

where; = (b — a)27". It suffices to show that the i’th term
inthis sumisno more than 27%4.

Fix iandlet k = k., and~ = -;. Using the standard permu-
tation argument, we may fix a sequence (xy) and bound the
probability under the uniform distribution on swapping per-
mutations that the permuted sequence satisfies the condition
stated. Consider a minimal v-cover B of F in the standard
pseudo-metric with respect to the pointsxy. Let

r=min{|f(z)|: z € x}.
If we now pick any f € F, there exists f € B, with
|f(z) — f(z)] < v foral # € xy. Hence, for z € X,
|f(z)| > r — 7, and there are at least ¢(m, 2y, §)m points
x € y which satisfy | f(z)] < r — 2y + v = r — 7. By the
permutation argument at most 2~ ¢(":27.9)™ of the sequences
obtai ned by swapping corresponding pointssatisfy the condi-

tions. Hence, by Corollary 18 we may bound the probability
of the event occurring by

E (N(y, F,xy)) 2= <tm2ném
) <8m(b 2_ a)Z) klog(4em(b—a)/(kv))
Y
Now, thisis no morethan 26 if
e(m, 2y, 6) >

1 8m(b—a)2 4em(b—a) 2i+1
m(kmlc’gz ¥ log, = 5~ + 109, 55— ),

2—5(m,2’y,6)m.

and so we choose ¢(m, v, §) as in the proposition. =

We are now in a position to state the result concerning maxi-
mal margin hyperplanes.

Proposition 20 The unluckiness function of Definition 7 is
probably smooth with ¢(m, U) = (Zem/U)U , and

n(m, U, 8) = % <8|n(26m) +8lIn (%2) N

U log, (%) log, (32Um) + log, (%)) .

Proof: Notice first that, for a set Xy of points and a hy-
perplane (w, @) in canonical form with respect to Xy, the
distance from the plane to the closest pointin X is

w, T 0 1
wa), 0 |_ 1

el el ] el
We can therefore interchange the quantity A = ||w|| in Defi-
nition 7 with the inverse of this minimum distance.
We will show that

p2m {(xy) :Yh € H,Erx(h) = 0= 3(Xy") C; (xy),

reXo

max|[y;|| < max||a;|| and

min|(wn, /) + 6] > min|(uwn, z:) + 64| /2} > 15,
wheren = n(m, U(X, h), §), and (wp, 0) are such that
h: J:»—>Sgn(<wh,x>—|—9h)



and ||wy|| = 1. Itfollowsfrom thisthat
P?™ {(xy) :Vh € H,Erx(h) = 0 — 3(Xy') C, (xy),
U((XY'), h) <2U(x, h)} = 1= 6,
and Theorem 6 impliesthe result for
o(m, U) = (2em/U)".
Now, define the events

E= {(xy) :3h € H,Erx(h) =0
V(X'Y') Sy (xy), max|ly;|| > max ||| or
min|(ws, ;) + 0n| < rgin|<wh,xi>+9hl/2}’
and
s ={09) : 3(¢Y) Sy (),
max||y/]| < max [}

for some n;. Then

Pr(E) < Pr(E|S) + Pr(S). (2)

The second term is the probability that an excessive number
of pointsin the second half sample lie outside the minimal
ball containing the pointsof the first half sample. Thisisthe
probability of failurein learning a class with VC dimension
1, and hence it can be bounded by §/3 if

m= % (In(2em) + In(12/6)) .

A similar argument allowsusto neglect linear threshold func-
tions defined by (w, ) with ||w|| = 1 and |#| > R, where
R = max; ||;]| (at the expense of another 6/3 and another
proportion 71 of the second sample).

To estimate the first probability in (2), we can restrict our
attention to the subsequence y’ of m’ = m(1 — 2n) points
which liein aball of radius k. Hence, the conditional prob-
ability in (2) isno more than

pan’ {(xy) :3h € H,Erx(h) = 0,Y(X'y') Ca (Xy),
min{uwn, ) + 0] < minf(wn,2i) + 041 2}, (3)
where o = (9 — 2m1)/(1 — 2m).
Consider the class
Fr=A{z—(w,z)+0:[|w]| =110 < R}.

By augmenting theinput vector with an extra (constant) com-
ponent, we can transform F'r intoalinear class. Corollary 15
shows that

4 21 2
M,WFZ}J&.
v

Noticethat functionsin g map frompointsinaradius R ball
abouttheoriginto[—-2R, 2R]. Let d = min; |{(wp, ;) + 0p].

ety (7) < min{

If we substitute

v = d/4,
]C,y/z = Farg (7/2)
= min{256R*(14 R?)/d* n+2} +1
= U,
m = m/,
§ = §/3,
b—a = 4R

in Proposition 19, we have that the probability (3) islessthan
8/3if (n —2n1)/(1— 2m) isat least

L (U log, (12222 log, (225') + 1o, (122)),
and so it will suffice if we set n equal to
2+ £ (Ulog, (222 log, (3207m) + log, (242
—1 <8|n(26m) + 8In(12/8)+
U log, (sem/ﬁ) log, (32U m) +
log, (12v17/3)) .

Combiningtheresultsof Theorem 9 and Proposition 20 gives
the following corollary.

Corollary 21 Suppose pg, for d = 1,...,2m, are positive
numbers satisfying >>2" p; = 1. Suppose 0 < 6 < 1/2,
t € H,and P isa probability distributionon X. Then with
probability 1 — 6 over m independent examples x chosen
accordingto P, if alearner findsan hypothesis that satisfies
Erx(h) = 0, then the generalisation error of & is no more
than

(17100, (222) +10g, (555 ) ) +
(8In(2em) +8In () +
U log, (%) log, (32U'm) +
log, (%)) (logy(2m) + 1)
=0 (% (U log?(Um) + log (Z%)) log(m)) :

where U = U(x, h) for the unluckiness function of Defini-
tion7,and i = |U log,(2em/U)].

2
m
4
m

It seems likely that the bound in Corollary 21 can be im-
proved. Nevertheless, the improvement over the standard
PAC bounds can already be considerable, because the differ-
ence between the dimension of the space and the VC dimen-
sion of the set of hypotheseswith similar margins (that is, the
value of U) can be very large. Vapnik [8] cites an example
where the space is 10* dimensional while the effective VC
dimension is approximately 10°.
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